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Let tt, k, t be integers, n >k > t >- 0, and let mot, k, t) denote the maximum number of sets, 
in a family of k-subsets of an tz-set, no two of which intersect in exactly t elements. The problem of 
determining re(n, k, t) was raised by Erd6s in 1975. In the present paper we prove that if kz~2t'. 1 

• . < ( n ~ ( 2 k -  t -  

a,,dk-, ')IF'<-, ' 'l 
only if an (n. 2 k - t -  1, t)-Steiner system exists. The proof uses a linear algebraic approach. 

I. Introduction 

Let X b e a  finite set ofcardinality , .  For 0 < k ~ ; , ,  |et | ~ J  denote  the collec- 
% / 

t ion o f  all k-subsets  o f  X. A family , 7  o f  k-subsets  o f  X i.e. 
d t r x  

is called 

t-avoidhtg ( 0 ~  t < k )  if the cardinal i ty  o f  the intersection of  any  two members  o f  
is different from t. An easy way to const ruct  r -avoiding families is tile fo l lowing:  
take  an a rb i t r a ry  ( t +  1)-element subset ,  T o f  X and let ,9- consis t  o f  all the supersets  

u ,  0 o f  T. This gives t k _ t  sets. Erd6s [I] conjec tured that  for k > 2 t + l  this is 

best  possible.  

Conjecture I . I .  (Erd6s) For k > 2 t + l  and n > n 0 ( k ,  t)  we have 

(1) n - - t - - l )  
m ( n , k , t ) =  k t - I  " 

F o r  t = 0  the E r d 6 s - - K o - - R a d o  theorem [2] shows that  the conjec ture  is 
valid. The same was proved  for t =  1 in [3]. The asympto t ic  val idi ty,  i.e. re(n, k, t ) ~  ') ( 1 + o ( I )  k - t - I  was es tabl ished in [4] if k ~ 3 t + 2  and in [6] i f k - t  i s a p r i m e  

power.  
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From now on suppose k ~2 t  + I. We first describe another construction for 
t-avoiding families. We need two definitions. 

Definition 1.2. Let s be an integer, .s'~t, and let 5 P c ( ~  -) be a fanaily. If every 

Steiner .Wstem or shortly a PS(n, s, t). (Of course, the condition is equivalent to 
]S¢qS '[<t  for every S, S 'C,~) 

Definition i.3. A PS(n, s, t ) i n  which every TCf~- / is contained in exactly one 

member of.D # is called an (n, s, t)  StehTer system or shortly an S(n, s, t). (Then, of  
,k r -  

n s] 
co,  e. 

For a family of sets <d and a positive integer h let us define J/~', the h'th shadow 
of J by 

m~ h = {H:IHI = h, there exists AE.s¢ such that H ~ A holds}. 

Proposition 1.4. I f . 9  ° is a PS(n, 2 k - t - l ,  t) then SP k is t-az:oiding. 

Proof. Take two arbitrary sets from 5~k: F, F ' .  Let S, S'(,Y' satisfy F c S ,  
F ' c S ' .  We have to show IF¢ ' lF ' l~t .  If  S=-S ' ,  then it follows from ]FYqF'I~ 
~=ISrqS' l<t.  If S = S "  then we have 

]FrGFI = Igl+lF']- - ig t -JF' !  >= 2 k - l S l  = t + l .  II 

No Steiner system is known to exist for t_>-7 but we are helped by 

Theorem l.& (RSdl [7]) For f i xed  s. t and an, arbitrary positive e i[" n>no(s,  t, ~) 
then there exigts a PS(n, s, t), ,9 ° satisfyhlg 

(2)  Im'l > ( i  - , ~ )  . 
f t 

Corollary 1.6. For f i x ed  k antl t we have 

,,,<o, > ) 
t ) t  k 

In this paper we prove" 

Theorem 1.7. Suppose k ~ 2 t + l  and k - t  is a prime. Then 

(4) m ( n , l < , l ) ~  t t ) t  k ' 

and equality holds i f  and o#713, i f  there exists an S(n, 2k - t -  l, t). 

Conjecture !.8. The statement of Theorem 1.7. remains valid even if we drop the 
condition " k - t  is a prime". 
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Remark 1.9. The inequality of Theorem 1.7. was proved to be valid for k - t  
a prime power in [6]. 

" " [ X ~  -Y'={G1 . . . . .  Gb}. Define a b by m Suppose ~ = { F 1  . . . . .  F,,,}c k and 

matrix Mh(,W) by t~llij=l, if G i c F j  and m u = 0 ,  otherwise. Then Mh(:~) is 
called the h' th containment matrix of ,~. 

Our main tool in proving Theorem 1.7. is the following: 

Theorem 1.'0. (Frank,, Ffiredi [5]) Suppose n > k > g ~ - h ,  gllld the col- 

umns  of Mh(.~) are /&early hutependent orer the rationals'. Then 

g - 

2. The proof of Theorem 1.7 in case k = 2 t + l  

Let us write k - t = p .  Then t = p - I  and k=211-1  holds. We prove a 
somewhat stronger statement: 

(/) Theorem 2.1, Suppose .~c= 2 1 " and 3 is (p-l)-a~:oiding. Then the columns 

o f  M p-1 (,~) are linearly indepemlent over G F (p) (and consequently o~:er the rationals), 
in particular 

(,,j (6) I.yTI > I ,~- ' - t [ - -  . 
p - I  

Morem~er [.yT]= ].~p-l] holds if'and only iJilor some PS(n, 3 p - 2 ,  p -  1), 5~ we ha~,e 
,~ =.f/,en- ,. 

Proof. Let us set M = M " - I ( ~ )  and let us consider N = M * M  (M* is the transpo- 
sed of M). Then N is an m by m matrix with general entry n u equal to the scalar prod- 
uct of  the i'th and j ' t h  column of/14. Since the columns are (0, 1)-vectors, this scalar 

produc t i s jus t thexmmbero f (p - I ) - subse t s in the i r ,  tersectionFif-lb~,i.e.(IF~'~_FJ]). 

( 2 p -  1) 
Thus the diagonal entries of  N are equal to I . p -  1 -=-- 1 (rood p). Since ,~ is ( p -  l)- 

avoiding the off-diagonal entries are all from 0, pP 1 . . . .  ' I , p -  I-)" These numbers 

are all congruent to 0 modulo p. Thus over GF(p)  N is the m by m identity matrix. 
lm Hence, rank M =  rank N = m  holds, proving the first statement of  the theorem. 

From now on assume m = b .  Then M is a square-matrix. Since M*M=Im 
(rood p), MM*-~I,,  (mod p) holds as well. Let us translate this identity to the lan- 
guage of sets. The general entry a u of  M M  ~' is just the number of  sets in .N which 
contain GIUGj. Thus for i / j  this number is always divisible by p. In particular, 
if it is non-zero then it is at least p. This yields the following proposition. 

Proposition 2,2. Suppose A ~ . ~  "-p-2. Then there are at h'ast p members of  ,.T w/rich 
conta& A. 1 



Next we prove that we must have equality. In fact Theorem 1.10. implies: 

Denoting by c the number of pairs (A, F) with A c F E 3 ,  [A] =2p-2, we 
obviously have c=(2j)- I )  131. Using (7) we obtain 

(8) c > / ' l , p -y  
Now (8) tells that on the average every AE.FDP-? is contained in at  most p members 
of .9. Comparing this wit11 Proposition 2.2. we infer that we must have always equal- 
ity. This zives the case s-2p-2 of the following lemrua. 

Y - A  P 
2p-1-s 

Proof of the lemma. We apply induction on 211-2-s. We have already settled the 
case s =  2p - 2. Suppose .r <2p  -2 and the statement of the lemma is verified for 
.F+ 1 .  Since AE.9'  we may choose A', F such that A c A ' c  F E F ,  and IA'I =s+ I 
holds. Let us write (Ap- A)U P(Af)=  {.I,, , .... . I ,~~-~- .~} .  

As a next step we prove: 

Proposition 2.4. Eitlicr the Im~rr~rr  holtlr for A w11li P(A)= {y,, ..., ,-,-,I or A is 
3/1-2-s 

co11taitre.d in inore t l ~ ~ t ~  s c t ~  in F.  

Proof. We apply the inductional hypothesis to A, = A U {y,), l 5 i 5 3 p  - 2 -s, 

and obtain sets P,i such that for every GE 

A c (A,UC)E.F. Counted w ~ t h  multiplicity this would give us ( 3 p -  2-s) 

sets F E 9 ,  containing A. Each particular F 1s counted exactly I ( F - A ) f l  {J,,, ... 
3p-2-.Y 

.... 1. ,,-,-,}I times. Thus a t  rnost (21)- I -s)-times. Thus there are a t  least 
2p-1-3 

(3p- 3 s )  [ 3 p - 2 s )  
2p-2-s - 2p-I -s s ~ ~ c h  sets. Moreover, in  order to have equality it is neces- 

sary that ( F - , 4 )  c {j,,, ..., j.: ,,_,_,) holds for every F satisfying A c F€ J. We 
conclude P i =  {J', , . . ., J ~ ~ ~ ~ - ~ - , , )  - {jli), and that the lemma I~olds with P ( A )  = {jl,, 
.... . 7 . 3 p - . ? - s ) .  I 

We go on with the proof of the lernrna. By Theorem 1.10. we have: 

3p-2  2p-I  3p-2-s 
(9) I.F~I s I ~ I P p - 2 ) / (  s 21.1 - 1 ) = [ ) 2p- 1 - ,c  ) or. equivalently. 
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Counting again the number of pairs (A, F) satisfying AcFV.Y ,  IAl=s, 
in two different ways, using Proposition 2.4, we obtain: 

- 2  s 1). 

Comparing (9) and (10) we infer that equality must hold in both cases and conse- 
quently in Proposition 2.4 always the first case appears, finishing the proof of the 
lemma. I I 

q~ Now we continue the proof of Theorem 2.1. Let us define ~ ={AUP(A):  

A~.~-P-~}. We consider ~ as a subset of 3 p - 2  ' i.e. taking each (3p-2)-set  only 

once. By definition :~-~.y2~-~ holds. We want to prove that ~ is a PS(n, 3 p - 2 ,  
p - l )  i.e. for S/~S'~.S we have ISCIS'I<p-I. Suppose the contrary that is 
p - I ~ [ S N S ' I ,  but ] S U S ' [ > 3 p - 2 .  Let A,A'C.~ v-~ be such that S=AUP(A) 
and S'=A'UP(A')  hold. it is easy' to see that one can find a p-element set 
B c ( S - A )  satisfying p -  1 > I(A U B) (~ S ' [<  [(A U B)I = 2 p -  I. Once B chosen take 
ap-subset ,  B' of S ' -A"  such that [(AUB)Ir'I}(A'UB')[=p-I. This is possible 
because p-I>I(AUB)f'IS'I-=-2p-2. But AUB and A'UB" are both in ~-~, 
contradicting to the fact that a v is (p -  l)-avoiding. Thus ,N is a PS(n, 3 p - 2 ,  p - 1 ) .  

If C is a (p - l ) - subse t  of (AUP(A))GcF, AC.7 p-~, then we can choose 
a p-subset B of P(A) such that C c  (A U B), and consequently C~.U p-I holds. Thus 

we have ] , ~ - P - a : . S g v - ' ] : { ~ ' - 2 / [ ~  I. .~_cy._,v-i in,plies ,.~-l<---(3P-~)[Sal . 

Using [.~l = I ~  "-~1 we infer . ~ = ~ e v - , .  I II 1 

Now we deduce the case /< = 2 t +  1 of Theorem 1.7. from Theorem 2.1. In 

(6) we have m(n, 2 t+  1, t)>~[7/. Suppose that for the t-avoiding family VieW Of 

c ( X "~ = [ 2 t +  1 )equa l i ty  holds. Then (6)implies Y=h,,., and by the second part o f  

~ ,  (X] 
Theorem 2.1, for some PS(n, 3 t + l ,  t), ,# we have ,~=5~e'+L Since ~ = [ t J ,  

every t-subset of  Xis contained in some S~.5/', i.e. Y is an S(n, 2 t+  1, t), as desired. 

3. Proof  of  Theorem 1.7 in the general case 

Let us set 2 t +  1 - k = d  and suppose  d is positive. Let further ~ be a t-avoid- 

ing Family o f / c - subse t s  o f  X. For D ~ [ ~ J  let t.s define 
/ I l N  

o~ o = { F - D :  D c FE:7}. 

Then ~ o  is a ( t - d ) - a v o i d i n g  lhmily o f  (2 (t - d) + l )-subsets o f  X - D .  
Thus we may apply the already settled case o f  Theorem 1.7 to ~'o~- o,  and obtain 

I " -  'q 
(11) I-St,! ~ I , t - d )"  
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Counting in 

D X D c F ~ , ~ ,  ~ ( d )  

(127 

Combining (11) and 

(13) 

two different ways the number of  pairs (D, F) satisfying 

we infer" 

12) we ,,et ( d = 2 t +  I - k ) :  .D 

t l  

. , , ,  k 1 t k - t - t  1 - 2 t - i ) ,  ( , + l f 2 k - ,  t 

(2, +" -,,-} I ,, ,-, , ,  ( k - t - , ) ,  ],-t (2,+-7-1) ' 

proving inequality (4). 
Assume that equality holds in (13). Then equality must hold in (I 1) for every 

/ 1 / \  
D~['d] .  By, the already proved case of Theorem 1.7 for every Dff/~/] there exists 

K / 
5~'o, an S(n-d, 2 k - t -  l -d ,  t - d )  such that . ~ = o ~ ' ~ - ~  holds. Note that t - d =  
= k - - l - 1  is non-negative and it is positive unless k = l +  I. However, for k= tq - l  
every r-avoiding family is a PS(n, k, t) thus the second statement of  Theorem 1.7 
just coincides with the definition of an S(n, k, k - 1 ) .  Thus we may assume d - - t - 1  

and proceed with the proof  of  the theorem. Let us define ~ = { D C I S o :  D--.[~ I ,  
\ + 1  

SoG5%. Obviously, . ~ ' G ~ +  holds. 
[I,*\ 

T ~ I 2 I  t'~J e|+~ w e  c a n  c ] i o o s e  a O ~ I d l  a n d  +111 ++~D~+D sucht,~Jat (T-]I~)+ If  

cSo.  Consequently Tc(DLSSo)C-(f holds, showing that every t-subset of  X is 
contained in at least one member of ,-9 ° . 

Suppose ~ , i.e. I\)r some D~ d and S o c J ' o  we have S=D:_!SD. 

ket D" be an arbitrary d-subset of  S satisl}ing LD f'/D'I = d -  1. Let F be an arbitrary 
k-subset of S satisfying (DUD')~ F. Let further So, be the unique member o l e o ,  
which contains F-D'.  We want to show 

Propos i t ion  3. I. D U So  = D' L, ~ S o , .  

Proof. Let us argue indirectly and take some element .v~ ((DU So)-(D':~! So,)). 
Let further v be an arbitrary dement  of  F--(DUD'). Then ( F - { y } U { x } l q Y .  
Thus there is a unique set Ro,C.YI~, satisfying ( F ' - D ' ) G S e o , .  However, ((F-D')rI 
('l(F'--D'))c=(So,(~Ro,), i.e. this latter intersection has size at least k - d  1>= 
>=t-d. Since . fo ,  is an S(n-d,  2 k - t -  l -d ,  t - d )  So, and R o, must coincide. 
contradicting .v<(Ro,-  So,). I 

equality is transitive and for every D"c[DUd S ° ] "  ' '  " we can find auha in  Since 

D=Do ..... D~=D" such that [Di,'-)Di+~l-d-I for i = 0  . . . . .  r - I ,  and all the D i 
are d-subsets of  DLJSo; we infer that Proposition 3.1 holds for all d-subsets of  
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DLJSo. Consequently, we obtain every S¢.9 + exactly t.g,/i~/Ij g l /2k- l - l j  = d t imes,  

yielding" 

(,;)1{=,<-,.-,) 
This  equa l i ty  a n d  the  fact tha t  every t -subset  o f  X is con t a ined  in at least one  

• ( 2 k - t - l j  
m e m b e r  o f  5 ~ imply  that  .9 ° is an S(n,  2 k - t -  l, t). Since I ~ 1 =  [ k [5/'1, 

it  fol lows tha t  . N - 5  ak, c o n c l u d i n g  the p r o o f  o f  T h e o r e m  1,7. 

Added in proof. Recen t ly  Z.  Fi i redi  and  the a u t h o r  proved Con jec tu r e  1.1. 
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